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Abstract

A collectionof logic gatesforms a combinationalcircuit if the outputs canbedescrited
as Boolean functions of the current input valuesonly. Optimizing conbinational
circuitry, for instance,by reducingthe number of gates(the area) or by reducingthe
length of the signal paths (the delay), is an overriding concernin the designof digital
integrated circuits.

The acceptedwisdomis that combinational circuits must have acyclic (i.e., loop-
free or feed-forvard) topologies.In fact, the ideathat \combinational” and\acyclic"
are synorymous terms is so thoroughly ingrained that many textb ooks provide the
latter as a de nition of the former. And yet simple examplessuggestthat this is
incorrect. In this dissertation, we advocate the designof cyclic combinational circuits
(i.e., circuits with loops or feedba& paths). We demonstrate that circuits can be
optimized e ectively for areaand for delay by introducing cycles.

On the theoretical front, we discusslower boundsand we show that certain cyclic
circuits are one-halfthe sizeof the best possibleequivalert acyclic implemertations.
On the practical front, we descrite an e cien t approad for analyzingcyclic circuits,
and we provide a generalframework for synthesizingsud circuits. On trials with
industry-acceptedbendimark circuits, we obtained signi cant improvemens in area
and delay in nearly all cases.Basedon theseresults, we suggestthat it is time to

re-write the de nition: combinational might well meancyclic.



Chapter 1

In tro duction

New ideaspassthrough three periods:

1. \Ilt cant be done.”
2. \It prokably can be done, but it's not worth doing."

3. \I knewit wasa gaod idea all along!"

{Arth ur C. Clarke (1917{)

1.1 A New ldea

The eld of digital circuit designencompassesa broad range of topics, from semi-
conductor physicsto system-lewel architecture. At the logic level a circuit is viewed
asa network of gatesand wiresthat processesime-varying, discrete-\alued signals{
most commonly two-valued signals, designatedas \0" and \1". Open any textb ook

on logic design,and you will nd digital circuits classi ed into two types:

A combinational circuit has output valuesthat depend only on the current

valuesapplied to the inputs.

A sequential circuit hasoutput valuesthat depend on the ertire sequenceof

values,past and curren, appliedto the inputs.

Thus, a sequetial circuit can store information, whereasa conbinational circuit
cannot. Giventhesebehaviorl de nitions, the textb ooks descrile a structural imple-

mertation of thesetypes:
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A combinational circuit consistsof an acyclic con guration of logic gates,i.e.,

it cortains only feed-forvard paths.

A sequential circuit consistsof a cyclic con guration of logic gatesand memory

elemetts, i.e., it cortains loops or feedba& paths.

This conformsto intuition. Logic gatesare, by de nition, feed-forvard devices,as

illustrated in Figure 1.1. In a feed-forvard circuit, sud asthat shovn in Figure 1.2,

>

—»
direction

Figure 1.1: A logic gate is a feed-forvard device.

the input valuespropagateforward and determinethe valuesof the outputs. The out-
comecan be assertedregardlessf the prior valuesof the wires, and soindependertly

of the past sequenceof inputs. The circuit is clearly conmbinational.

L \ X Yy z|C s
g 0 0 0[0 0
00 1/0 1

N 01001

01 1|10

10 0|0 1

10 1|10

11 0|10

11 1|1 1

Figure 1.2: A feed-forvard circuit behasescombinationally.

In a circuit with feedbag, the behavior is lesstransparert. A commonapproad
is to characterizethe output valuesand the nextstate in terms of the input valuesand
the current state. The currert state, in turn, dependson the prior sequencef inputs

(starting from someknown initial state). As an example,the cyclic circuit shovn
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in Figure 1.3 implemerts a one-bit memory elemen, called a latch. This circuit is

clearly sequenial.

s(t) r(t) o) |qlt+ 1)
0 0 0 0
o o0 1 1
o 1 0 1
o 1 1 1
1 0 o0 0
1 0 1 0
1 1 o0 ?
1 1 1 ?

Figure 1.3: A circuit with feedba&. With inputs s(t) andr(t), and currert state q(t),
the next state is q(t + 1). Here? indicates an indeterminate value.

Although courter-intuitiv e, could a conmbinational circuit be designedwith feed-
badk paths?

\It can't be done."

One might argue that with feedba&, we cannot determine the output values
without knowing the current state, and sothe circuit must be sequetial. This view

is illustrated in Figure 1.4.

<
Figure 1.4: A circuit with feedbak. How can we determine the output f without
knowing the value of y in a feedbak path?

This speciousargument can easilybe put to rest with the circuit in Figure 1.5. It

consistsof an AND gate and an OR gate connectedin a cycle, both with input x.
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Figure 1.5: A (useless)cyclic combinational circuit.

Recallthat the output of an AND gateisOi either input is O; the output of an OR
gateis 1i eitherinput is 1. Considerthe two possiblevaluesof x. On the onehand,
if x = 0 then the output of the AND gateis xed at O; the input from the OR gate
has no in uence, as shaovn in Figure 1.6 (a). On the other hand, if x = 1 then the
output of the OR gateis xed at 1;the input from the AND gate hasno in uence,
asshown in Figure 1.6 (b). Although uselessthis circuit is cyclic and conmbinational.
The value of the output f is determinedby the currernt input valuex (actually f = x)

regardlessof the prior state and independerily of all timing assumptions.

0 0 1 1
DD DY
0 - 1
- = /,' C
() (b)

Figure 1.6: The circuit of Figure 1.5with (a) x = 0, and (b) x = 1.

\It probably can be done, but it's not worth doing."

Although conceptuallypossible,onemight arguethat thereis no point in designing
combinational circuits with feedba&. Why should one incorporate a feedba& path
in the computation of the output values? By de nition the valuesfed badk depend
upon the prior state of the circuit, which we want to ignore in a conbinational design.

A corvincing examplesuggestingotherwiseis shavn in Figure 1.7. It consistsof
six alternating AND and OR gates, with inputs Xq;X»; X3 repeated. To shav that

the circuit is conbinational, we label the feedba& path with an unknown valuey, as



Figure 1.7: A cyclic combinational circuit due to Rivest [35].

showvn in Figure 1.8. We compute

fi = Xy

fo = xXo+f1 = Xo+ Xgy

fs = Xsf2 = Xa(X2 + X1Y)

fa = Xe+f3 = Xg+ Xa(Xo+ X1y) = X1+ XoX3
fs = Xofs = Xao(Xy+ X2Xa) = Xao(X1+ X3)
foe = Xg+fs = Xg+ XX+ X3) = Xzt XiXz!

(Here addition represets OR and multiplication represets AND .) We seethat f4,

and consequetly fg and fg, do not depend upon the unknown value. Thus, we

compute
f1 = Xife = Xi(X3+ X1X2) = Xi(Xz2 + X3)
fo = Xo+f1 = Xo+ Xa(Xa+ X3) = Xo+ Xi1X3
fs = Xafa = Xg(Xa+ XiX3) = Xs(X1+ X2):

Ead output dependson the current input values,not on the prior values,and sothe

circuit is combinational.

Y —_—_—_—_— e e e e e -

Figure 1.8: Analyzing the circuit of Figure 1.7.
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Figure 1.9: With fan-in two gates,two gatesare neededto compute x;(X, + X3).

Unlike the circuit in Figure 1.5, this one computes something useful. The six
output functions aredistinct, and eat dependson all three input variables. Moreover,
we canshaow that this cyclic circuit hasfewergatesthan any equivalert acycliccircuit.
To seethis, note that any acyclic con guration cortains at least one gate producing
an output function that doesnot depend on the output of any other gate producing
an output function. (If this were not the case,then ewvery output gate would depend
upon another and so the circuit would be cyclic.) With fan-in two gates, it takes
two gatesto compute any one of the six functions by itself. This is illustrated in
Figure 1.9. We concludethat an acyclicimplemertation of the six functions requires

seen gates,comparedto the six in the cyclic circuit.
\I knew it was a good idea all along!"

The circuit in Figure 1.7 was presetted by Rivestin 1977,in a paper lessthan a
pagelong [35]. His work on the topic, as well asthat of a few othersin the 1960s,
seemsto have gonelargely unnoticed by theoreticians and practitioners alike. And
yet his examplehints at a fundamenal misconceptionin the eld, namelythat \com-
binational" and\acyclic" aresynorymousterms. In this dissertation, we demonstrate
not only that it is feasibleto designconbinational circuits with cyclic topologies,but

it is generallyadvantageousto do so.



1.2 Prior Work

1.2.1 The Early Era

Gates are a corveniert abstraction, introduced for digital electronic circuits. In an
earlier era, peoplestudied switching circuits, built from electro-mebanical relays. A
relay is devicethat conductscurrert if it is setto \on" (correspnding to a logical
input of 1), and doesnot conductcurrent if it issetto\o " (correspndingto alogical
input of 0). The devicedoesnot have an intrinsic direction; it will conductcurrert in
either direction. The symbol for a relay is shovn in Figure 1.10 A switching circuit
evaluatesto logical 1 if there is a conducting path between a designated\source"

point and a designated\drain” point.

e

Figure 1.10: A contact relay.

Switching circuits were the subject of seminal papers by Claude Shannon: the
analysisof sud circuits in 1938[39]and the syrnthesisof sud circuits in 1949[40]. The
circuits of Shannon'sday often had cyclic topologies. Sincerelays are directionless,
cyclesdo not poseany problem. Considerthe bridge circuit shovn in Figure 1.11.

The logical function implemerted betweenpoints S and D is
f (X1;X2; X3, X4; X5) = X1Xg + X1X3X5 + XoX5 + XoX3Xq!

It may be shawn this circuit has fewer switches than is possible with an acyclic
topology.

It was acceptedthat cycleswere an important feature in the designof switching
circuits. In 1953,Shannondescriked a cyclic switching circuit with 18 contacts that
computesall 16 Boolean functions of two inputs, and he proved that this circuit is
optimal [41].

In his Ph.D. dissertation in 1960, Short applied an abstract graphical model to

the study of switching circuits [45. Implicitly , his model imposesa direction on the



A
\V’s

Figure 1.11: A switching circuit with a cyclic topology:.

switching elemerts. It is equivalert to a form of binary decisiondiagram now known
as a zem-suppessd decisiondiagram [30]. In this context, Short arguedthat cyclic
designsare necessaryfor the minimal forms.

In recen years, binary decisiondiagrams have cometo the fore as perhapsthe
most successfuldata structure for represeting Boolean functions [7]. Short's work
suggestghat feedba& might be usefulin optimizing binary decisiondiagrams,a topic
of future researd that we return to in Chapter 6.

In the 1960's,asthe researb comnunity wasshifting its focusto the now-familiar
model of of directed logic gates(AND , OR, NOT , etc.), researbers naturally pon-
dered the implication of cyclic designs. In 1963, McCaw presetted a thesis for his
Engineer'sDegreetitled \Lo opsin Directed Combinational Switching Networks" [26].
He beginswith an example,the cyclic circuit shovn in Figure 1.12 consistingof two
AND gatesand two OR gates,with v e inputs and two outputs. His argumert for

combinationality is in the samevein asthat given above for Rivest's circuit:

fi
f2

a+ b+ x(c+d+ xf;) = a+ b+ x(c+ d)

c+ d+ x(a+ b):

c+ d+ x(a+ b+ xf,)

As with Rivest'scircuit, McCaw arguesthat his circuit hasfewer AND / OR gates
than is possiblewith an acycliccircuit implemerting the samefunctions. In his thesis,
he grappleswith the di erent implications of cyclic topologiesfor circuits with logic
gatesvs. undirected switching elemerts. As an example, he transforms a switching
circuit in Short's dissertation, consistingof 7 switching elemeitts, into a cyclic logic

circuit consistingof 16 AND / OR gates.



Figure 1.12: A cyclic conbinational circuit dueto McCaw.

In 1970, Kautz (Short's Ph.D. advisor at Stanford) presertied a short paper on
the topic of feedbak in circuits with logic gates[17]. He descriked a cyclic circuit
consistingof 6 fan-in two NOR gateswith three inputs and three outputs. Although
plausible, his circuit is not combinational accordingto the rigorous model that we
propose. (It assumedhat all wires have de nite Booleanvaluesat the outset.)

In 1971,Hu man discussedeedbag in linear threshold networks. He claimedthat
an arbitrarily large number of input variablescan be complemered in a network con-
taining a single NOT elemen, provided that feedba& is used[15. This improved
upon an earlier result by Markov, demonstrating that k NOT elemens su ce to
generatethe complemets of 2 1 variables[25. As with Kautz's example, Hu -
man's is not conbinational in the sensethat we understandit. Still, in an insightful

commenary on his and Kautz's work, he hinted at the possibleimplications,

\ At this time, these[cyclic] examplesare isolated ones. They do, however,

provide tantalizing glimpsesinto an imaginablearea of future resarch.”

In 1977,Rivest presettied a generalversion of the circuit in Figure 1.7, aswell as
the argumert for its optimality given above [35. For any odd integer n greaterthan

1, the generalcircuit consistsof n fan-in two AND gatesalternating with n fan-in

2n distinct output functions, ead of which dependson all n input variables. He
proved that any acyclic circuit implemenring the same2n output functions requires
at least3n 2 fan-in two gates. Thus, asymptotically, his cyclic implemertation is

at most two-thirds the sizeof the best possibleacyclicimplemertation. In Section3,
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we analyzeRivest's construction, presei variants and extensions,and generalizethe

argumernt of optimality

1.2.2 The Later Era

More recerly, practitioners obsened that cyclessometimesoccur in conbinational
circuits syrthesizedfrom high-level descriptions. In sud examples,feedba& either
is inadvertert or elseis carefully cortrived. For instance, occasionallyit is intro-
ducedduring resource-sharingpptimizations at the level of functional units [47]. In
thesecircuits, there is explicit \control" circuitry governing the interaction between
\functional” units.

Considerthe examplein Figure 1.13. Here we have an input word X (that is, a
bundle of wires carrying se\eral bits of information) and a cortrol input c. There are
two functional units, F and G, ead of which performsa word-wise operation. If cis
1, then the circuit computes

G(F(X));

while if it is O, it computes
F(G(X)):

X1+ 2X,+  + 20 x,:
Here F (X ) might be an exponentiation
F(X)=2° mod 2";
and G(X) might be a left-shift (division by 2),
X
G(X) = >

The circuit either performsa left-shift followed by an exponertiation, or an exponen-
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tiation followed by a left-shift.

U U
\/

C>G(F(X)) +TF(G(X))

Figure 1.13: Functional units connectedin a cyclic topology.

Although clearly promising, the idea of cyclic designsat the level of functional
units has not been pursued, due to a lack of support in integrated circuit design
padkages. Indeed, nearly all logic syrnthesis and veri cation tools balk when given
designswith cycles. Methods were proposedfor analyzingsud designg12],[24],[42].
Newerthelessthe acceptedstrategyis simply to disallov cyclesamongfunctional units

in the high-level phases.
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1.3 Overview

In the realm of digital circuits, researbers seemgo fall into two camps. On the one
hand, there are the theoreticians, working in the eld of circuit complexity. They
are preoccupiedwith classifyingand characterizing problemsin generalterms. They
discussthe relationships among complexity classes,and prove bounds on the size
of circuits. On the other hand, there are the practitioners, working in the eld of
electronic designautomation. They strive to obtain the best circuits that they can,
given the computational resourcesat their disposal. Howeer, they rarely speak of
optimal designs.The true optimum accordingto any criteria { beit area,delay, power

{ is generallyunknowable to them.

1.3.1 Theory

In the rst half of this dissertation, we wear the theoretician's martle. In Chapter 2
we descrile our circuit model, and presen a framework for analysis. In Chapter 3, we
presen theoretical justi cation for the claim that the optimal form of somecircuits
requirescyclic topologies.We exhibit families of cyclic circuits that are optimal in the
number of gates,and we prove lower boundson the sizeof equivalert acyclic circuits.

For instance, the cyclic circuit in Figure 1.14 consistsof three \complex" gates,

eat with fan-in 6. We shaw that this circuit implemerts three distinct functions, f 1,

circuit implemerting the samefunctions requiresat least v e fan-in 6 gates.

Our lower bound is basedon a simple fan-in argumen: in order to compute a
function that dependson a certain number of variables using gateswith a certain
fan-in, we require a tree of at least a certain size. This is perhapsthe weakestlower
bound than one can conceiwe of on a circuit's size. This suggestghat feedba& may
be more powerful than we can show.

Our most notable construction is a family of cyclic circuits that have asymptoti-
cally at most one-halfasmarny gatesasequivalert acyclic circuits. We show that this

is largestgap that we can prove using the the fan-in lower bound technique.
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\
L f, =a(cegi) A af,
+

—
C f,=b(dfhj)ADbf,
Figure 1.14: Cyclic circuit with inputs a;:::;l and outputs f 4, f,, f3. (  represets
XOR.)

1.3.2 Practice

In the secondhalf of the dissertation, we wear the practitioner's martle. In Chapter5
we descrile a generalmethodology for syrthesizing cyclic combinational circuits, and
compareour resultsto those producedby state-of-the art logic syrthesistools.

Considerthe exampleshowvn in Figure 1.15, ubiquitous in introductory logic de-
sign courses: a 7-segmeh display decaler. The inputs are four bits, Xg; X1; X2, X3,
specifying a number from 0 to 9. The outputs are 7 bits, a;b;c;d;e;f, g, specifying
which segmets to light up in a display { sud asthat of a digital alarm clock { to
form the image of this number.

With our syrthesis methodology, we arrive at the network shown in Figure 1.16,
with the ordering illustrated. This network translates into a cyclic circuit with 27
fan-in two gates. In cortrast, standard syrnthesistechniquesproducean acycliccircuit
with 32 fan-in two gates.

Note that the network in Figure 1.16 contains cyclic dependenciesijn fact, all the
functions exceptd form a strongly connectedcomponert. How can we establishthat
this network computeswhat it is supposedto, hamely the output functions for the 7-
segmeh decader? We referto this task asfunctional analysis Given an upper bound
on the time that it takesead gate to compute a value { the gate delay{ how can

we establishan upper bound on the time that it takesfor the circuit to compute the
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inputs outputs

X3 Xo X1 Xo|Digit|la b ¢c d e f g
0O 0 O O 0 1 110111
0O 0 0 1 1 |0 00 0O0 11 [ —
0O 0 1 O 2 01 11110
0O 0 1 1 3 |001 1111
0O 1 0 O 4 |1 001011
0O 1 0 1 5 (1011101
0O 1 1 o0 6 |1 101101
O 1 1 1 7 0 01 0011
1 0 0 O 8 |1 111111
1 0 0 1 9 |1 011011

Figure 1.15: 7-Segmenh Display Decaer.

valuesof the functions { the circuit delay? We refer to this task astiming analysis

Khrapchenko wasthe rst to recognizethat depth and delay in a circuit are not
equivalent concepts[18]. There may exist false paths, that is to say, topologicalpaths
that are newer sensitized. So-called\exact" algorithms for timing analysis consider
the presenceof false paths; theseprovide the requisite tool for the analysisof cyclic
circuits. For a cyclic circuit, we cansay that it is conbinational if all cyclesare false;
the sensitizedpaths in the circuit newer bite their own tail to form true cycles.

Our syrthesis program can routinely tackle designswith, say 50 inputs and 30
outputs. For circuits of this size,a exhaustive approad to analysis{ that is to say,
cheding ewery input assignmen{ is not feasible: with n variablesthere would be 2"
input conbinations. In Chapter 4 we descrile e cien t algorithms for analysisbased
on symiwlic techniques,using exible data structures calledbinary decision diagrams
Our analysisconsiderstopologicalaspectsof the design,for instancesub-dividing the
probleminto strongly connectedcomponerts.

Our syrthesis strategy is to introduce feedba& in the re-restructuring and min-
imization phases. A branch-and-bound seart is performed, with analysis usedto
validated and rank potertial solutions. Although general,our methodology is of im-
mediate practical interest. For instance,we optimized the areaof the ALU Decaer

of a 8051 microprocessordesignby 20%. In trials with bendimark circuits, nearly all
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a

a = X3XgC+ X;C /
g

b = xge
C = X3XpXgp+ Xa(X3X1 + €) \
d = (xz+ xp)a+ x,e f d
e = Xp(Xg+ Xo)f + x3f \ /
f = (Xa2+ X1X0) g+ Xza
g =

e
X3b+ a / \
b c
Figure 1.16: A cyclic network for the examplein Figure 1.15.

were optimized signi cantly, with improvemeris of up to 30%in the areaand up to
25%in the delay.
Theoreticiansmay dismissoptimizations of this sort asinconsequetial:

\ Saving a few gatesin the designof a 7-segment decoder doesrt prove

anything'.
Practitioners may dismissthe theoretical results as cortriv ed:
\ Asymptotic boundsdorit help me one bit in designingreal circuits.".

Howe\er, takentogetherour resultsshouldcorvince both camps. It is time to re-write

the de nition: in both theory and practice, combinational might well meancyclic.
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Chapter 2

Framew ork

Make everythingas simple as possiblewithout making anything too simple.

{ Albert Einstein (1879{1955)

The conceptsdiscussedn this dissertation are not tied to any particular physical
model or computing substrate. For the coreideasin Chapter 4 and Chapter 5, the
exposition is at a symiwlic level, that is to say, in terms of Boolean expressions.
Howewer, we rst postulate an underlying structural model, consisting of gatesand

wires and discussanalysisin an explicit sensg{ in terms of signal values.

2.1 Circuit Mo del

We work with digital abstraction of 0's and 1's. Newertheless,our model recognizes
that the underlying signals are, in fact, analog: ead signal is a cortinuous real-
valued function of time s(t), correspnding to a voltage level. For analysis,we adopt
a ternary framework, extending the set of Boolean values = f0;1g to the set of
ternary values = f0;1;?g. The logical value of an analogsignal is obtained by the
mapping 8
%o if S(t) < Viow
logicals(t)] = _ 1 if s(t) > Vhign

- ? otherwise
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where Vo and Vhign are real valuesdemarcatingthe range correspnding to Boolean
0 and Boolean 1, respectively. Clearly, Vijgn must be strictly greaterthan Vi,,. The
third value, ?, indicatesthat the signalis ambiguous. For the purposesof analysis,
? is usedin a broader sense:it denotesa signal value that is unknown This signal
may be BooleanO, Boolean1, or someambiguousvalue { we simply do not know.

The idea of three-valued logic for circuit analysisis well established.It was orig-
inally proposedfor the analysisof hazads in combinational logic [13], [50]. Bryant
popularizedits usefor veri cation [8], and it hasbeenwidely adoptedfor the analysis
of asyndironouscircuits [9]. For a theoretical treatmernt, see[29.

A circuit consistsof gates connectedby wires . Each gate hasoneor moreinputs
andasingleoutput. The symbolsfor commongatesareshavn in Figure 2.1. A bubble

is usedto indicate that an input or output is negated,asillustrated in Figure 2.2.

1> 32> 3> B

Figure 2.1: Symbols for di erent typesof gates.

o

Figure 2.2: Bubbles on the inputs or the output of a gate indicate negation. Here
z = NOT (OR(NOT (x);V)).

An exampleof a circuit is showvn in Figure 2.3. Even though a wire may split in
our diagrams,asis the casewith wire wg in Figure 2.3, conceptuallythere is a single

instance of it.

inputs . Eadh primary input is fed into one or more gate inputs. Even though
the synbol for a primary input may appearin seeral places,asis the casewith

X1, X2 and x3 in Figure 2.3, conceptually there is a singleinstanceof it.
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The gatesin the circuit produce internal signals, wy;:::;w, ranging over
f0;1,?g.

A subset of the set of internal signalsis designatedas the set of primary

outputs .

O\

input signals: X1, X, X3
internal signals:wy, ..., Wy
output signals: wy; wy; Wg
gates: g, ..., Oy

Figure 2.3: An exampleof a circuit, consistingof gatesand wires.

2.1.1 Functional Behavior

In the digital realm, a gate implemerts a Boolean function, i.e., a mapping from

Booleaninputs to a Booleanoutput value,

g:f0:1g¢! f0;1g:
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The set of inputs to a gate are calledits fan-in set. When we say a \fan-in k" gate,
we meana gate with fan-in setof cardinality k. The setof gatesthat are attached to
a gate output are calledits fan-out set. The truth tablesfor fan-in two AND , OR

and XOR gates,aswell asa fan-in one NOT gate, are shovn Figure 2.4.

X Yy |AND (X,y) | OR(X,y) | XOR(X,y)

0 0 0 0 0 X | NOT (x)
0 1 0 1 1 0 1

1 0 0 1 1 1 0
11 1 1 0

Figure 2.4: Truth table for commongates.

2.1.2 Temporal Behavior

We characterizethe temporal behavior of a gate by a single parameter, a bound on

its delay tq.

For a gate characterizedby a mapping g, if the inputs assumethe values

not change.

Further, we assumehat the wires have zeropropagationdelay. More realistic models
for timing analysiscanreadily be incorporated within our framework; we neglectsu

details herein order to focuson the conceptualaspects.

2.2 Analysis Framew ork

Our analysis characterizesthe functional behavior of circuits accordingto the so-
called\ oating-mo de" assumption[9], [49]: at the outset of ead interval, all wiresin
a circuit are assumedto have unknown or possibly unde ned values(?). We apply

de nite valuesto the inputs, and track the propagation of signal values.
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Analysis of an acyclic circuit is transparert. We rst evaluate the gatesconnected
only to primary inputs, and then gatesconnectedto theseand primary inputs, and
soon, until we have evaluated all gates. For instance,in the circuit of Figure 1.2in
the Introduction, we rst ewaluate g; and gy, then gs, then g4, and gs. At ead step,
we only evaluate a gate when all of its input signalsare known. The previousvalues
of the internal signalsdo not enter into play.
In a cyclic circuit, there are one or more strongly connected components Recall
that in a directed graph G, a strongly connectedcomponert is an induced subgraph
S G sud that

there exists a directed path betweenewery pair of nodesin S;

for every nodes in S and ewvery node n outsideof S, if there existsa path from s

to n (from n to s) then there is no path from n to s (from s to n, respectively).

We analyzeead strongly connectedcomponert separately

At the outset, with only the primary inputs xed at de nite values, ead gate
in a strongly connectedcomponernt hassomeunknown/unde ned inputs (valued ?).
Newerthelessfor ead sud gatewe canask: is there su cien t information to conclude
that the gate output is 0 or 1, in spite of the ? values? If yes, we assignthis value
as the output; otherwise, the value ? persists. For instance, with an AND gate,
if the inputs include a 0, then the output is 0, regardlessof other ? inputs. If the
inputs consistof 1 and ? values,then the output is ?. Only if all the inputs are 1 is
the output 1. This is illustrated in Figure 2.5. Input valuesthat determinethe gate

output are called controlling.

2.2.1 Ternary Extension

For the setf0;1; ?g, we de ne a partial ordering

?v 0 and ?v 1
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Figure 2.5: An AND gate with 0, 1, and ? inputs.

de ne the ordering coordinate-wise:

Yv Z if yyvz foralli=1:::;n.

For instance,if Y = (?;1,?;0), and Z = (1;1,1;0) then Y v Z. Howewr, if
Y=(?;1?;00andZ = (1;1;1;?) then Y and Z are not comparable.

a ify; =2z = a for somea?2 f0;1g;

WA AR 00

Vi= _ b iffy;zg=fb;?g for someb2 f0;1g;
? else
forall i = 1;:::;n. For instance,if Y = (?;1,?;0), and Z = (1;1;1;?) then

Yt Z=(1110).
Within the ternary framework, a gate performsa mapping from ternary valuesto

ternary values,
g®:f0;1;2g% ! 0;1;?g:

We call this mapping the ternary extensionof g. Given a Boolean mapping g, the

ternary extension @°is de ned as follows. For a vector of ternary valuesY 2
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f0;1; 29,

1 if g(Z)= 1foreah Z 2 f0;1g%, whereY v Z;

8
% 0 ifg(Z)= 0foreah Z 2 f0; 1g¥, whereY v Z;
oqy) = E

- ? else.

A similar de nition of the ternary extensionis found in [9]. The truth-tables for the

ternary extensionsof fan-in two AND , OR and XOR gates,aswell as a fan-in one

NOT gate, are shown in Figure 2.6.

AND (X, Y) | OR(X,y) | XOR(X,Yy)

Xy

0 O 0 0 0

0 1 0 1 1

0o 7 0 ? ? X | NOT (x)
1 0 0 1 1 0 1

1 1 1 1 0 1 0

1 2 ? 1 ? ? ?

? 0 0 ? ?

? 1 ? 1 ?

? 7 ? ? ?

Figure 2.6: Ternary extensionsfor commongates.

2.2.2 Fixed Point

The goal of functional analysisis to determinewhat output valuesa circuit produces
in responseto Booleaninput values. Of course,if the circuit is cyclic, we cannot be
surethat it settlesto a stable state. Considerthe inverter ring shown in Figure 2.7.
With x = 1, the ring will probably oscillate, with the output z alternating between0
and 1, asshown in Figure 2.8. Within the ternary framework, all instability is hidden
beneaththe ? values. This is illustrated with the inverter chain in Figure 2.9.

The following theorem shaows that oncea de nite valueis assignedio an internal
wire, this value persistsfor the duration of the interval (so long asthe input values

are held constart). Furthermore, the order of gate evaluations is irrelevant; the nal
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-

Figure 2.7: An inverter ring.

outcome{ which internal wires are assignedde nite values, and what these values
are{ is the sameregardless.The analysisterminatesat a xed point: in this state,
ewvery gate evaluation agreeswith the value on its output wire, sothere are no further
changes. Of course,the term \ xed point" is somewhatparadaxical: with ? values,

the state includessignalsthat are potertially unstable.

O
-

Figure 2.8: In the Booleanframework, the inverter ring oscillates.

LDAlAlA )
C

Figure 2.9: In the ternary framework, the valuesare unknown/unde ned.

Theorem 2.1 With all the internal signalsassigne an initial value ?, for a given
set of Boolean valuesappliad to the inputs and held constant, the analysisterminates

at a unique xed point.

a sequence,
Wo; Wy, W)@t

Since eat gate update consistsof a change?! f0;1g, the sequenceof states is



24
ordered,

Wov Wiv Wov i

Sincethe number of statesis nite, clearly the computation terminates at some xed
point. This is illustrated in Figure 2.10.

It remainsto show that this xed point is unique. To do so, we arguethat the
order of updates is irrelevant. Indeed, from a given state W, if we have a choice
of immediate successoistates W; and W;, then the partial join W, = W; t W,

exists and is an immediate successostate to both W; and W,. This is illustrated in

argumern su ces to show that all states have a common successor.This common
successomust be a xed point. 2

1 11

Figure 2.10: The computation terminates at a xed point.

[0,1,0]
[0,L,1] [1L,1,0]

[L,L,1]

Figure 2.11: The order of updatesis irrelevan.
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2.2.3 Explicit Analysis

The analysisstrategy for speci ¢ Booleaninput valuesmight be termed simulation:
we apply inputs and follow the ewlution of the circuit. The goal of functional
analysis is to determine what values appear; the goal of timing analysis is to
determinewhenthesevaluesappear.

For functional analysis, Theorem 2.1 tells us that the gatesmay be evaluated in
any order. We simply apply the inputs and follow the signalsasthey propagate;gates
are evaluated when new signalsarrive. Once a gate evaluatesto a de nite Boolean
value, it is not ewaluated again. Oncethe analysisterminates, if there are ? values
on the outputs, we concludethat the circuit doesnot behave conbinationally.

For timing analysis,we establishan upper bound on the arrival times of de nite
Booleanvaluesfor internal signals. We always evaluate gatesin the order that signals
arrive, ensuringthat we know the earliesttime that a signal value becomesknown.
When evaluating a gate, we useonly presen and pastinput values,not future values.

We illustrate analysis with a collection of examples: rst two (acyclic) circuit
fragmerts; then a non-conbinational cyclic circuit; and nally a combinational cyclic
circuit. We assumethat all gateshave unit delay, and that the primary inputs arrive

at time 0.
Example 2.1

Considerthe circuit fragmert shovn in Figure 2.12. It consistsof four gates: an

AND gateg;, an OR gate g,, an AND gate gz, and an OR gate gu:

Gi(X1;y1) = XiYa
B(X2;y2) = Xzt Yo
%(X3;Ys) = XaVYa;
G(X1iYa) = Xyt yal

This circuit illustrates the conceptof false paths. From a topological perspective,
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SRS

Figure 2.12: A circuit fragmert.

there existsa path from point A to point B in this circuit. Howewer, from a functional

standpoint, this path is newer sensitizel. To seethis, considerspeci ¢ input values:

With x; = 0, the path is blocked at gate g;.

With x, = 1, the path is blocked at gate g».

With x3 = 0, the path is blocked at gate gs.
With x; = 1, the path is blocked at gate g.

For any combination of input values,we know what value appearsat point B, and how
long it takesfor this value to appear, regardlessof the signal at point A. Assuming
that the gatesg;, 0, gz and g4 have uniform delay bounds of t;, t,, t3, and tg,

respectively, we can assert:
With x; = 1, a value of 1 appearsafter t, time units.

With x; = 0, and x3 = 0, a value of 0 appearsafter t3 + t4 time units.

With x; = 0, x3 = 1, and x, = 1, a value of 1 appearsafter t, + t3 + t, time
units.

With x; = 0, x3 = 1, and x, = 0, a value of O appearsafter t; + t, + t3 + t4
time units.

Further assuminga unit delay model (i.e., t; = t, = t3 = t; = 1), we obtain the

analysisresultsin Table 2.1. Subscriptson the valuesindicate the arrival times.
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Table 2.1: Analysis of the circuit fragmen in Figure 2.12.
Example 2.2

Considerthe circuit shown in Figure 2.13, consistingof an AND gate g;, an OR
gate g, and an AND gate gz, in a cycle. By inspection, note that if x; = 0 then f,
assumewalue 0 after onetime unit; if x, = 1 then f, assumesvalue 1 after onetime
unit; and if x3 = 0 then f3; assumesvalue 0 after onetime unit. But what happens
if X; = 1, X, = 0and x3z = 1? In this case,all the outputs equal ?, asillustrated in

Figure 2.14. The outcomefor all eight casess shavn in Table 2.2.

- -

Figure 2.13: A non-conbinational cyclic circuit.

1 0 1

- -

N N N

Figure 2.14: The circuit of Figure 2.13with x; = 1, X, = Oand x3 = 1.
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Table 2.2: Analysis of circuit in Figure 2.13.

In general,we would reject this circuit, sinceits outputs are not de ned for the
input assignmeh x; = 1, X, = 0 and x3 = 1. Howe\er, if this particular assignmen

is in the \don't care" set, then the designwould be valid.
Example 2.3

Considerthe circuit in Figure 2.15(a).
Of the three gates,we seethat initially only g; evaluatesto a de nite value,
w1 = gi(X1;X2) = OR(3;0) = L
We set the arrival time of w; to be
t1= 1
With w; de ned, we seethat g, evaluatesto a de nite value,
Wy = Oo(W1;X2) = AND (NOT (1);1)= O:
We set arrival time of w, to be
th=1+t; = 2

At this point in the executionof the algorithm, w; and w, have beenassigned

de nite values. Howewer, w; hasan earlier arrival time. Evaluating gz at time 1,
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W3 = ga(w;W2) = OR(1;NOT (?)) = 1.

We set the arrival time of ws to be

tz= 1+t = 2

The nal valuesof wy;w,; ws are shovn in Figure 2.15(b). Subscriptsindicate the

arrival times.

ngl/_

(a) Initial state.

(b) Final state.

Figure 2.15: Example 2.3 Subscriptson the valuesof the internal variablesindicate
the arrival times.

The saliert point of this exampleis that the algorithm tracks the arrival times of
signals,and establishesthe earliest possibleset of cortrolling signals. If gate gs had
beenevaluated after both w; and w, had beendetermined, we might have concluded

that its arrival time was 3 time units instead of 2.
Example 2.4

Consider the circuit in Figure 2.16. Supposethat we apply inputs x; = 1;x, =
0;x3 = 1, asshown in Part (a). Gatesgi, 0z, gs and g; produce outputs of 1, 0, 0,
and 1, respectively, after onetime unit. Gate g, producesan output of 1 after two

time units. Gate gg producesan output of O after three time units. Gate gg produces
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an output of 0 after four time units. Gate gg producesan output of O after v e time
units. Finally, gate g4 producesan output of O after six time units. The circuit after
six time units is shavn in Figure 2.16(b).
The analysisfor all eight input combinations is summarizedin Table 2.3. We see

that the maximum delay of the circuit is six time units.

X
il

X
N

X
w

O & OB 9 O O O7 O O
0, 00 1L, 1, 0 1, 0O, O3 1;
1, 0 b 13 00 b, O 05 14
O 00 L, 1, O5 O Oy O3 14
1, 0, 03 0, 1o O 15 1, 1,
0 0 00 1, O s 11 L4 1s
1, 1, O 05 O 05 1; O3 04
1; 1, 00 1; 1, O 1; Os O
11 12 01 02 12 01 11 03 04

PP FPRPPOOOO
PP OOFR,PF OO
P OPFRPOPRFr,OFRFrO

Table 2.3: Analysis summary for the circuit of Figure 2.3. Subscriptson the output
valuesindicate arrival times.

2.2.4 Complexit y

In the analysis,we evaluate a gate wheneer a new Boolean signal arriveson one of
its inputs. In the worst case,we could ewvaluate a gate with fan-in d asmarny asd
times. Given a circuit with m primary inputs and n gates,ead with fan-in d, there
are O(dn) gate ewaluations. In addition, for timing analysis, we must maintain a
sorted list of arrival times. This cortributes a complexity factor of O(n log, n).

We could perform the analysis explicitly for ewvery assignmenh of input values.
Howeer, sud an exhaustive approad is simply not tractable for most real circuits:
with n variables there would be 2" input conbinations to analyze separately In

Chapter 4 we descrike an e cien t analysisalgorithm basedon symlic techniques.
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Figure 2.16: The circuit of Figure 2.3 with inputs X; = 1;X, = 0;x3 = 1. Subscripts
on the output valuesindicate arrival times.
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Chapter 3
Theory

In theory there is no di er enee between theory and practice, butin practice

there is. { Yogi Berra (1925{)

Theoreticians are preoccupied with classifying and characterizing problems in
generalterms. They discussthe relationships among complexity classesand prove
boundson the sizeof circuits. Howewer, somewhatto their embarrassmen, they o er
very little helpin proving or disproving the optimality of speci c circuits. There have
beena handful of papers,dating bad to the 1960's,describingapproatesfor nding
optimal multi-level circuit designg[1(q], [11], [20], but thesehave limited applicability:
the largestcircuits that thesemethods can hope to tackle have 4 (or perhaps5b) input
variables.

Lower bounds on circuit size are notoriously di cult to establish. In fact, sud
proofs are related to fundamertal questionsin computer science sut asthe separa-
tion of the P and NP complexity classes.(To prove that P 6 NP it would su ce
to nd a classof problemsin NP that cannot be computedby a polynomially sized
circuit.) Much of the recert work in circuit complexity has been spurred by these
open problems[1].

All existing lower boundson circuit sizeare linear in the number of variables[1].
In 1949, Shannonshowned by a straight forward courting argumen that nearly all
functions require circuits with an exponertial number of gates[40]. Yet there is no

known explicit example[48].
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Giventheselimitations, how canwe hopeto justify our generalclaim that feedba&
canbe usedto optimize circuits? In this section,we assumethe theoretician's martle
and provethat somecyclic designsare smallerthan equivalert acyclic ones,basedon

the best lower-bound techniquesthat we know.

3.1 Ciriteria for Optimalit vy

Any assertionof optimality restson a restricted circuit model. Indeed, with gatesof
arbitrary sizeand complexity, any function canbe implemerted with a single\gate."
We restrict the scope of gatesin two ways. The rst way is to bound the fan-in, as
showvn in Figure 3.1 (a). Each gate can have at most d inputs, for some nite d. The
secondway is to restrict the type of gate. For instance, we can limit oursehesto
so-calledAON gates: AND gateswith the inputs and output possibly negated. An
exampleof sud a gate is shavn in Figure 3.1 (b). The generalform of the Boolean

function realizedby an AON gate s

O(X1;X2;:013Xg) = (X1 €1) (X2 €) (X4 Cd)  Casr;

addition represetts OR, and represets XOR.) The fan-in d may or may not be

limited.

(@) (b)

Figure 3.1: Restricting the scope of gates. (a) Bound the fan-in. (b) Use AND gates
(with the inputs and output possibly negated).

In this chapter, we often represen functionsin XNF , a canonicalform consisting

of XOR and AND operations. This form has advantages: since it is canonical,
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we need not concernoursehes with simplifying the expressions. Furthermore, the
dependenceof a function on its variablesis explicit. SeeAppendix A for a discussion
of this represetation.
Our generalstrategy in the following constructionsis to preser a cyclic circuit
that is optimal in the number of gates,and then prove a lower bound on the size of
any acycliccircuit implemerting the samefunctions. The argumert for the optimality

of the cyclic circuit restson two properties:
Prop erty 3.1 Each of the output functions degendson all its variables.

Prop erty 3.2 The output functions are distinct.

The cyclic circuit is shavn to be optimal accordingto the following trivial claim (true

regardlessof the gate model):

Claim 3.1 A circuit implementingm distinct functions consistsof at least m gates.

3.2 Fan-in Lower Bound

Our lower bound on the sizeof an acyclic circuit is formulated as a fan-in argumert.
The essencef the argumert was presened by Rivest [35], although we presen it in
a more generalform.

A circuit canonly compute a function of a given set of input variablesif it \sees"
all of them. For example,in Figure 3.2, gate g, can compute a function of x;; X, and
X3; 01 cannot compute a function of X3 sinceit doesnot seexs. In an acyclic circuit,
there is a partial orderingamongthe gates:if a gate g; dependson a gateg;, directly
or indirectly, then g cannot depend on g;, directly or indirectly. With a partial
ordering on the output functions, there must be at least one output function at the
top which dependsupon no other. If this function dependson v input variables, the
gate producing it must be the root of a tree that seesall thesev variablesas leaves.
The lower bound is basedon a calculation of the minimum number of gatesin this

tree.
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Figure 3.2: A gate can only compute functions of variablesthat it \sees".

Claim 3.2 An acyclic circuit implementing m distinct output functions, each de-

pendingon v input variables, consisting of gateswith fan-in at most d has at least

v 1

+
OIlm1

gates.

Pro of: Consider a connecteddirected acyclic graph (DAG). Call nodes with no
in-coming edgesleaves and all other nodesinternal nodes. We shaw, by a simple
inductive argumer, that a connectedDAG with k internal nodes, ead with in-
degreeat most d, has at most k(d 1)+ 1 leaves. Obviously, a graph consisting
of a single sudh internal node has at most d leaves. Supposean internal node with
in-degreeat most d is addedto a connectedDAG. If the resulting graph is to be a
connected DAG, the new node can replacean existing leaf or it can be attached to
an existing internal node. The former caseis illustrated with node g; in Figure 3.3,
and the latter with node g,. In both caseghere is a net gain of at mostd 1 leaves.

We concludethat connectedDAG with k internal nodeshas at most

d+ (k 1)d 1)
= k(d 1)+1

leaves, as expected. Supposethat a connectedDAG hasv leaves. Since
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Figure 3.3: Adding a node with in-degreed to a connectedDAG resultsin net gain
of at mostd 1 leaves.

v k(d 1)+ 1

the number of internal nodesk is bounded by

v 1
d 1

Now, in an acycliccircuit implemerting m output functions, at leastoneof the output
functions dependson no other. By the argumert above, this output function requires

at least
v 1

d 1

gates. With distinct output functions, ead output function must emanate from a
di erent gate,soat leastm 1 gatesarerequiredto implemert the remainingm 1

functions. 2
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3.3 Impro vement Factor

Supposethat we have a cyclic circuit with m gates,ead with fan-in at most d, that
implemerts m distinct functions, ead of which dependson all v input variables. Call
the improvementfactor the ratio of size of the cyclic circuit to the lower bound on

the sizeof the acyclic circuit:

sizeof cyclic _ m
sizeof acyclic Y% +

With an improvemert factor of C, we can say that our cyclic circuit is C times the

sizeof any equiwvalert acyclic circuit.

Claim 3.3 The improvementfactor is boundel below by %

Pro of: For a given d, the improvemen factor is minimized if the term

v 1

d 1

in the denominator is maximized. Now, the number of variablesv in a cyclic circuit
is at most m(d 1), and this is achieved if all the gateshave fan-in d. For sud a

circuit,

3.4 Examples

Considerthe exampleshownn in Figure 3.4, due to Rivest [35]. We rst verify that

this circuit is conmbinational. For gateg;, an AND gate,x; = Ois acortrolling value.
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Figure 3.4: A cyclic combinational circuit with 3 inputs, due to Rivest[35.

Setting x; = 0 we have

fijx, = 0

falx, = fi+ X2 = X
fsjx, = faXs = X2Xs;
fajx, = fz3+0 = XoXs;
fsj = faxa = XoXs;
felx, = fs+Xz = Xa

All outputs assumede nite Boolean values. For gate g4, an OR gate, x; = lisa

cortrolling value. Setting x; = 1, we have

fajx, = 1

fsja = faxz = Xy
feix, = fs+Xz = Xa+ Xs;
fijx, = fel = X2+t Xs;
falx, = fi+ X2 = Xo+ Xs;
falx, = faxs = Xs

Again, all outputs assumede nite Booleanvalues. Sincex; must either have value 0

or value 1, we concludethat the network is conbinational. We asserble the output



functions from thesetwo cases:

fi = X4
fo = Xq
fas = X4
fs = Xq
fs = Xq
fe = Xq1

f1j
f2)u
faju
faju
f5i

f6jx1

+

X1
+ X3
+ X3
+ X3
+ X3

+ X1

f1j
f2)u
faju
faju
f5i

f6jx1

X1
X1
X1
X1
X1

X1
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X2

XoX3
XoX3
XoX3

X3

+ X

[EN

+ X3
+ X3
+ X1

+ X1

(X2+ X3) = Xi(Xz2+ X3)
(X2+ X3) = Xzt XiX3
X3 = Xa(X1+ Xp)
1 = Xpt XoXs
X2 = X(X1 + X3)
(X2 + X3) = Xzt XiXz!

Rivest preserted a more generalversionof this circuit. For any odd integern greater

than 1, the generalcircuit consistsof n two-input AND gates alternating with n

Figure 3.5. Analyzing the generalcircuit in the samemanner as above, we nd that

oy

Figure 3.5: A cyclic conmbinational circuit with n inputs (for any odd n  3) dueto

Rivest.

it implemernts the functions

fi

f2n

Xl(xn + Xn 1(

Xz + X1(Xp +

Xn + Xn l(xn 2'+

(Xs+X2) )

(X4X3)

)

(X2x1) ):

Note that the functions are symmetrical with respect to a cyclic permutation of the

variables.
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3.4.1 Optimalit y

To shaw that circuit is optimal, we must show that it satis es Properties3.1and 3.2.

1. To shaw that ead function dependson all n input variables, we note that in
the parerthesizedexpressiongead variable appearsexactly once. Without loss
of generality, considerthe i-th function f; in the list, for an odd i, and consider
the j -th variable appearingin its expressionfrom the left-hand side. To show
the dependenceon this variable, set ead variable precedinga product to 1, and
ead variable precedinga sumto zero, beginningon the left-hand side, until we
arrive at x;. Setthe variable following X; to 1 and all variablesfollowing that

to 0. The resultis

fi =10+ 1(0+ + X;(1+ 00+ 0( ))) = x:

2. To show that all the functions are distinct, we exhibit an assignmen that sets
any chosenfunction to 0O if it is odd-numbered (to 1 if it is even-rumbered),
while setting all the other functions to 1 (to O, respectively). Without loss of
generality, considerfunction f;, for anodd i n. This function is the output
of an AND gatewith input x;. Setx; to 0 and setall the other the variablesto

1. Clearly, f; hasvalue O while all the other functions have value 1 in this case.

(Rivest stated theseconditions without proof.)

3.4.2 Acyclic Lower Bound

Note that the Rivestcircuit hasn input variablesand implemerts 2n distinct output
functions with 2n fan-in 2 gates. According to Claim 3.2, an acyclic circuit imple-

merting the samefunctions requiresat least

+2n 1=3n 2
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fan-in 2 gates. For large n, the improvemen factor is

sizeof cyclic _  2n
sizeof acyclic 3n 2

2
3

Rivest's cyclic circuit is two-thirds the size of any acyclic circuit implemerting the

samefunctions.
Given a circuit with a single cycle, we can always obtain a correspnding acyclic

version by breaking the feedba& and doubling the length of the chain, as shown in

Figure 3.6. (The input ? indicatesany constart value.)

DDy Dy

Figure 3.6: Obtaining an equivalert acyclic circuit from a cyclic circuit.

In general,this will not yield an optimal acyclic circuit. Howewer, in the caseof
Rivest's circuit, the bound of 3n 2 is, in fact, tight. To obtain an acyclic circuit
with 3n 2 gates,we break the cycleand prepend a copy of the last n 2 gates. For
n = 3, we simply prepend an OR gate with inputs x, and x3, asshown in Figure 3.7.

Rivest's circuit is also optimal seenfrom a di erent perspective. The circuit
consistsof AON gates,and yet none of the output functions are implemertable with
a single AON gate, regardlessof the fan-in. Thus, any acyclic circuit implemerning

the functions requiresat least one more gate.



42

Figure 3.7: An acyclic circuit implemenrting the same functions as the circuit in
Figure 3.4.

3.4.3 A Generalization

We note that Rivest'scircuit canbe generalizedo AND and OR gateswith arbitrary
fan-in. The circuit, shovn in Figure 3.8, consistsof 2n fan-in d AND / OR gates,with

n(d 1) inputs repeated,forn 3,n odd,andd 2.

Figure 3.8: A generalizationof Rivest's circuit to gateswith fan-in greaterthan 2.
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This circuit producesoutputs

fi = Yiynt+Yn 1( (Y3t y2) )
fo = Yo+ yi(yn+ (Yays) )

fon = Yo+t Yn a(Yn 2+ (Yay1) );
where
Y1 = X1 Xg 1
Yo = Xgt + Xog 2
Yn = Xn 1 p+ t *+ Xn 1)-

It may be shown that all 2n functions are distinct, and that ead dependson all

n(d 1) input variables.

3.4.4 Variants

We note that many di erent circuits of the samegeneralform as Rivest's example
exist. In Figure 3.9, we show a circuit with 4 variablesand 8 gatesin a singlecycle.
As with Rivest's circuit, this one producesdistinct output functions, eat of which
dependson all the variables.

A more intriguing exampleis shavn in Figure 3.10. It consistsof two copiesof
Rivest's circuit with the outputs of the rst fed asinputs into the second.Although
not shovn here, we assertthat this circuits produces20 functions are distinct, and

eat dependson all 5 variables.
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fo =X + X+ XX,

f, =00+ X, +X,)%

fa = (4 +%,) %X,

Figure 3.9: A circuit with the sameproperties as Rivest's example.
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Figure 3.10: A pair of Rivest circuits, n = 5, stadked.

3.5 A Minimal Cyclic Circuit with Two Gates

We provide an example of a circuit with the sameproperty as Rivest's circuit, but
with only two gates. The circuit, shovn in Figure 3.11, consistsof two fan-in 4 gates
of the form

g(wW;X;y;2) = WX yz:

connectedin a cyclewith 5 inputs, a;b;c;d;e. The circuit computesf and g:

—
1

ab gc
fc de:

«Q
I

To verify that the circuit is combinational, note that if c = 0, f assumesa de nite

value. We have
ab

ab de:

fjo = ab g0

gjc = f1 de

Similarly, if c= 1, then g alsoassumes de nite value. We have

f O de
ab g1

de
ab de:

e
fc
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Assenbling the output functions, we obtain

—
1

ab cde
alc de:

cfjo+ cfijc

C gjc + C 0jc

«Q
I

With the functions thus written in XNF form, we canreadily assertthat f and g are
distinct and that ead dependson all 5 variables. Now, consideran acyclic circuit,
alsowith fan-in 4 gates,that computesthe samefunctions. Sincea single fan-in 4
gate cannot possibly compute a function of 5 variables, we concludethat the acyclic

circuit must have 3 gates.

Figure 3.11: A cyclic circuit with two gates.

3.6 Circuits with Multiple Cycles

In this section,we presen examplesof cyclic circuits with multiple cycles,culminating
with the main result of this section: a cyclic circuit that is one-halfthe size of any

equivalert acyclic circuit.

3.6.1 A Cyclic Circuit with Two Cycles

Consider the circuit shovn in Figure 3.12, written in a generalform. The inputs

indicates that it represets multiple wires.) There are three gates, connectedin a
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con guration consistingof two cycles:

f, = 1 if3
fo = 2 of 3
fs = 3 3fr afy  sfify

wherethe 's, 's, 's, and 's are arbitrary functions of the input variables.

L f,=a,A bf,
—

—~ g, f,=a,A b,f A gf,Adff,

—
( f,=a,A b,

Input variables: X =x,X,, ,X,

Figure 3.12: A cyclic circuit with two cycles.

3.6.2 Analysis in Arbitrary Terms

We analyzethis circuit with the goal of obtaining a necessaryand su cien t condition
for combinationality, aswell asexpressiongor the gate outputs in terms of the inputs.

We proceedon a casebasis.
Case |

Supposethat for someX, ;= 0. In this casef; assumeshe de nite value ;. This
situation is shown in Figure 3.13. Now supposefurther that 3 3 ; = 0. In this
case,f; assumesa de nite value of 3 3 1. Given this value for f3, f, assumes
a de nite value of > 2 3 > 3 1. This situation is shavn in Figure 3.14. We

concludethat the functions assumede nite valuesif ;= 0and 3 3 ;1= 0.
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~ —_—_— - —- —- — =

f3 = a3 A bSal A (g3 A 01381) f2

f,=a,A b,f,

Figure 3.13: The circuit of Figure 3.12if ; = O.

f,=a,A ba,

9, ’
>f2‘= a,A ba,A b,ba,

Figure 3.14: The circuit of Figure 3.12if ;=0and 3 3 ;=0.
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Case ||

A symmetrical analysisshows that the functionsf ;;f, and f 3 assumede nite values
if ,=0and 3 3 »=0.

Case |11

Supposethat for someX, we have ;= 0and , = 0. In this casef, and f, assume

de nite valuesof ; and »,, respectively. Giventhesevaluesfor f; andf,, f3 assumes

adenite valueof 3 3 1 3 2 3 1 2 This situation is shovn in Figure 3.15.

f,=a,A ba,Aga,Adaa,

~N e e e N — —

Figure 3.15: The circuit of Figure 3.12if ;= 0and , = 0.

Case IV

Supposethat 3= 3= 3= 0. In this casef ; assumeghe de nite value 3. Given

this value for f3, f; and f, assumethe de nite values 1 zand » > 3,

respectively. This situation is showvn in Figure 3.16. 2
Let
g = 1 (3 31); (3.1)
e = 2 (3 3 2); (3.2)
G = 1 2 (3.3)

C4 = 3 3 3t (3.4)
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C f,=a,A ba, )

Figure 3.16: The Circuit of Figure 3.12if 3= 3= 3= 0.

We concludethat the circuit is conbinational i

C=qg+ot+tct+ta

holds. If C holds, then the functions have values

fi1 = g 1+c( 1 13 132 tC 1+¢C( 1 1 3) (3.5)
fo = a( 2 2 3 131)+tC 2+C 2+ 2 2 3) (3.6)
fs = a( 3 3 1)+t G 3 3 2)+t G 3 31 3231 2)+C 3(3.7)

3.6.3 A Circuit Three-Fifths the Size

Let's make the circuit of Figure 3.12 somewhatmore concrete. Supposethat the

1= aX; 2 = bY; 3= 2,

where

X =X1X2 Y=wiy, ; Z=2z7212,
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and

3= & 3= b 3= ab:

The resulting circuit is shavn in Figure 3.17. For this circuit, the conditions de ned
—

a,b,z z, +>——< f,=zAaf Abf,Aabf,f,

X =% )
Y=(Y.Y )

C i ) Z=(2,2, )

Figure 3.17: Variant of the circuit of Figure 3.12.

a, XX,

b, XX, —

in Equations 3.1{ 3.4 evaluate to

¢ = a(b+ X)

c; = ba+y)
cz = ab
c, = ab

It may easilybe veri ed that for every combination of valuesassignedo a and b, one

of ¢1; ¢;; C3; C4 IS true. The functions de ned in Equations 3.5{ 3.7 become

f, = X aX Y Z) aby
f, = Y BX Y Z) abX

fs = X Y Z XY aX XY) KY XY) abXxy
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With the functions expressedn XNF notation, we can assertthat they are distinct
and that ead dependson all the variables.

To make the situation more concrete,supposethat
X = ceqi; Y = df hj; Z = Kkl:

There are a total of 12 variables (a through ). Ead gate has fan-in 6. This

situation is showvn in Figure 3.18.

L I
f, =a(cegi) A af,

—

Figure 3.18: Circuit of Figure 3.17with 12 variables.

According to Claim 3.2, an acyclic circuit implemerting the samefunctions re-

quires at least
v 1

+
dlml

gates,wherev = 12 (the number of variables),d = 6 (the fan-in) and m = 3 (the

number of functions). Thus

v 1 12 1
+m = — ~ + =5
T 1 1 1 3 1=5

We concludethat the circuit in Figure 3.18 is at most g the size of any equivalert

acyclic circuit.
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3.6.4 A Circuit One-Half the Size

Considerthe circuit shovn in Figure 3.19,a generalizationof the circuit in Figure 3.12

to k gates. We arguethe validity of this circuit informally. On the onehand, for eath

Xy yl,l” !yl,d—l—\—

_

X0 Yorr 3 Yod.1—

fa =ZAX AR A AR X1

. X s X 4 ’Zd—k_\f_ O
’ : Y =(Yiys VYiga)fori=1

Z2=(zy z,)

X yk,l' ’yk,d—l—\—

Gl /

Figure 3.19: A generalizationof the circuit of Figure 3.12.

variablex;, if x; = Othen the function f; doesnot dependonf.; . On the other hand,
if xi = 1, then fy,+; doesnot depend on f;. We concludethat none of the k cycles

can be sensitized,and so the circuit is conmbinational. Now considerthe function f;

the variablesy;; fori = 1;:::;k;j = L;:::i;d 1. With x; = 1, f; dependson fy.;
henceit alsodependson all thesevariables. We concludethat ead function depends
on all the variables.

With a fan-in of d, we have a total of

v=k(d 1)+d 2k=(k+1)d 3k

variables. We have

m=k+1
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gates. According to Claim 3.2, an acyclic circuit implemerting the samefunctions

requiresat least

—— +m 1
d 1
gates. The improvemert factor is,
m | K+ 1
v 1 - e
Y1 +m 1 (k+3)d1 k4K

gates. Supposethat d = 3k, and that k is large. Then the ratio is

k+1 k _ 1,
1 +k k+k 2

We concludethat the circuit of Figure 3.19is at most one-halfthe sizeof any equiv-
alent acyclic circuit. According to Claim 3.3, this is the best possibleimprovemert

factor that we can obtain with the fan-in lower bound of Section3.2.

3.7 Summary

Admittedly, the circuits in latter half of this chapter are a bit cortrived. The con-
structions assume\gates” with arbitrarily large fan-in. The gatesin this cortext
should properly be descriked as sub-circuits. And yet the fact remains that there
exist families of functions that canbe implemerted by cyclic circuits with 50% fewer
gatesthan is possiblewith equivalert acyclic circuits. Feedba& is an inescapabldea-
ture of the Booleancircuit model. Hereafter,complexity theorists must stop speaking
of Boolean circuits as directed acyclic graphs (DAG's). Even in an abstract setting,

the optimal circuit under considerationmay well be cyclic.
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Chapter 4

Analysis

All are lunatics, but he who can analyzehis delusionsis called a philoso-
pher. { AmbrosePierce (1869{1950)

For logic design,aswith any engineeringconstruct, analysisprovides the under-
pinningsto synthesis. In Chapter 2, we characterizedcombinational circuits in terms
of explicit signal values(0, 1, and ?). For most real circuits, an exhaustive analysis
of every input combination is intractable. Instead, we turn to symbolic techniquesto
analyzeand validate cyclic designs.

In what has beendescrited as the most in uential Master's Thesisewer, in 1938
Claude Shannon proposedthe use of symbolic logic for the analysis of relay cir-
cuits [39]. What had beenuntil then a desultory, ad hoc processwas now logical and
systematic. His brilliant work brought digital systemsinto the realm of mathematics.

Synbolic analysisderives formulas that descrike the logic values of signalsin a
circuit in terms of its input signals. Instead of working with explicit values, the
analysis takes place over a domain consisting of a set of functions. In a Boolean
setting, this domain is the set B of Boolean-\alued functions of